INTRODUCTION
A common approach to study the acoustic field in an isotropic elastic half-space has been to use the equations of linear, isotropic elasticity together with Fourier or Hankel transforms [1, 2) .
The result is a definiteintegral representation of the field at an arbitrary point in the half-space owing to a prescribed stress applied to the free surface.
The complicated integral can be evaluated asymptotically to give the far field radiation. Furthermore, the theoretical expressions for the directivity patterns from a variety of acoustic sources, radiating into an isotropic elastic halfspace have been presented by several authors [1] [2] [3] [4] . A similar theoretical analysis applied to an anisotropic solid medium fails because the potential theory method is not applicable to the anisotropic problem.
Based on the reciprocity theorem [5) , an alternative derivation of the asymptotic radiation fields in an isotropic elastic half-space for normal and transverse point sources is also given [6, 7) .
This simple derivation enlightens us that the reciprocity theorem, together with numerical solution for the reflection coefficients, can be adapted to calculate the far field radiation of a point source on the free surface of an anisotropic solid.
THEORY
In this section, a solution for the problem of reflection of elastic waves at the free surface of an anisotropic solid will be derived.
Then, based on the reciprocity theorem, the far field radiation and directivity patterns of a point source on the free surface of a semi-infinite anisotropic solid will be calculated.
Free Surface Reflection Coefficients
The Christoffel equation of wave propagation in an anisotropic solid is where r is the Christoffel tensor, p is the density, V is the phase velocity, and u is the particle displacement. (1) To have a nontrivial solution for u in Eq. (1), its determinant must vanish (2) In general, there exist three different solutions for pV2, which implies the existence of three different modes propagating in the same direction with different phase velocities and polarization vectors.
Review of Progress in
The general Christoffel equation given by (1) is not restricted to any particular coordinate system.
It is necessary only that the propagation direction and the stiffness constants be referred to the same coordinates. In order to set a desired plane of an anisotropic solid as a free surface, we need to rotate the coordinate system by transforming the tensor of the elastic constants from the crystallographic coordinate system to the calculated coordinate system. The best way to do this is to use the following Bond matrix multiplication which was described in Ref. [8] [ The coordinate system used in our calculation is shown in Fig. 1 . The vertical axis represents the direction of the normal to the free surface. The azimuthal angle~ was measured from the x axis.
The x'-y' plane coincides with the free surface and the x'-z' plane coincides with the plane of incidence. Once the matrix of the stiffness constants in the new coordinate system has been found, the phase velocities and the corresponding particle polarization vectors can be calculated from Eqs. (2) and (1).
Consider a plane wave incident from the anisotropic medium onto the free surface. The incident wave can be quasi-longitudinal or quasi-shear. Omitting the harmonic time factor, we write the particle displacement of the incident wave as: (4) where AI is the amplitude, ki is the wave vector, ai is the unit polarization vector, and r is the position vector. In general, the incident wave transforms on the free surface into three reflected waves:
one quasi-longitudinal wave and two quasi-shear waves.
The corresponding displacements can be written in the form:
where kRL, kRSl, kRS2 and ARL, ARSl, ARS2 are the wave vectors and amplitudes of the reflected waves; aRL, aRSl and aRS2 are the unit polarization vectors of the reflected waves.
According to the general Snell's law [9] , all projections of the wave vector (incident and reflected) on the surface are equal to one another and the wave vectors of all reflected waves must lie in the plane containing the incident wave vector and the normal to the surface. Hence kRL kRSl kRS2
k~,
In order to determine the z components of the wave vectors for the reflected quasi-longitudinal and quasi-shear modes and their propagation direction, the Christoffel equation should be modified as follows: 
Six roots of Eq. (8) for kz•, hence six possible polarization vectors, will be found, of which only three correspond to physically real solutions. The roots may be pure real or pure imaginary.
A pure real root which corresponds to a propagating mode must be selected such that its energy flow is in the positive z-direction, and a pure imaginary root which corresponds to an evanescent mode must be selected such that the amplitude decays exponentially with the distance from the surface.
The boundary conditions at a stress-free surface of an anisotropic solid can be written:
Insertion of Eqs. (4) and (5) in Eq. (9) yields a set of linear algebraic equations which can be solved directly for finding the three amplitude reflection coefficients:
Far Field Radiation of Point Source (10) Following Gutin [6] and Lord [7] , using the reciprocity theorem and above-mentioned numerical solutions of the reflection coefficient, let us consider the problems of the far field radiation and the directional characteristics for both normal and transverse point sources on the free surface of a semi-infinite anisotropic solid. Suppose that at a point (x',z') sufficiently remote from the origin, we apply a force F in the direction of the polarization vector of a given elastic mode propagating in the direction of the radius vector pointing to the origin of coordinates (Fig. 2) . This force generates solely the corresponding type of wave propagating in that particular direction.
In fact, an arbitrary volume force can be decomposed into three separate parts, each of which generates solely the corresponding type of wave:
quasi-longitudinal or quasi-shear [10] .
This incident wave can be regarded as a plane displacement wave in the neighborhood of the origin.
The displacement in this wave is given by Eq. (4). In the case of an anisotropic solid, the wave amplitude is dependent on the propagation direction. Two methods were adapted to calculate the amplitude.
One is Lamb's approach [11] which has been extended to generally anisotropic media (details of this technique will be published elsewhere). Another is Green's function theory for elastic waves in anisotropic media [10] which can be used in the case of transversely isotropic symmetry and weak anisotropic solid.
The incident wave will be reflected on the free surface and, in general, transformed into one quasi-longitudinal wave and two quasi-shear waves.
The displacements in these reflected waves are given by Eq. (5 To maintain a stress free surface, the relations of reflection coefficients (Eq. (10)) must exist among ARL, ARSl, ARS2 and AI. Fig. 2 . Geometrical configuration of the reciprocity theorem calculation for the directivity patterns.
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It follows from the reciprocity theorem that the displacement of the given elastic mode at the point with coordinates x', z' in the direction of the polarization vector caused by a normal force applied at the origin should be:
Then the particle displacement directivity pattern of the given elastic mode for a normal point source on the free surface of a semi-infinite anisotropic solid can be written as:
In the same way, if an x'-or y'-direction transverse force F is applied at the origin, it will produce the following displacement3 for the given elastic mode, at the point x' z', in the direction of the polarization vector: Then the particle displacement directivity patterns of the given elastic mode for the x'-or y'-direction transverse point source on the free surface of a semi-infinite anisotropic solid are:
oX'
AI(e)/Al(O)(cosal + R 1 cosaRL + RslcosaRSl + Rs2cosaRS2), (lS) oY'
AI(e)/AI(O)(cosSI + RLcossRL + Rs1cossRSl + Rs2cossRS2).
RESULTS
A computer program has been written to perform the numerical calculation.
The program can deal with generally anisotropic media with arbitrary stiffness matrices of 21 constants. Figures 3-8 show polar diagrams of directivity patterns for selected anisotropic materials.
The amplitudes are plotted in arbitrary units.
Because of the elastic symmetry about the vertical axis, only one-half of the polar diagram was given.
The elastic parameters of all the materials were taken from Ref. [8] . There are several interesting feratures. For the case of normal drive, the quasi-longitudinal wave radiation is maximum in the direction of the normal to the free surface and is zero in the tangential d i rection . For the case of transverse drive, the quasi-longitudinal wave radiation is characterized by one principal lobe and equals zero in directions either parallel or perpendicular to the free surface. These features are basically the same as for isotropic solids, but we can see that the shape of the directivity curves are more different from that of an isotropic solid. For the case of y-direction transverse drive, the radiation of quasi-longitudinal wave is much less than of x-direction drive. As expected for a point source, the directivity patterns are independent of frequency. Fig. 6 . The directivity pattern of QL wave in x-z plane a normal point source on the free surface of quartz, x-y plane being free surface. Fig. 7 . The directivity pattern of fast QS wave in ~ = 30° plane for an x'-direction transverse point source on the free surface of Al crystal, (001) plane being free surface. Figure 6 shows the directivity pattern of the quasi-longitudinal wave for a normal point source on the free surface of quartz crystal in the x-z crystallographic plane. The free surface was chosen to be the x-y crystallographic plane. An interesting observation in this case is that for such a highly anisotropic material, the discontinuity in the angular variation occurs ate= 40°.
The directivity patterns of quasi-shear wave in the ~ = 30° plane for normal and transverse point sources on the free surface of the aluminum crystal are shown in Figs. 7 and 8 , the (001) plane being the free surface. In the case of x'-direction transverse drive, the radiations of the fast quasi-shear wave have two directivity lobes.
For the case of normal drive, the radiation of slow quasi-shear is maximum at an angle of approximately 57° and is minimum'at an angle of 30.2° which corresponds to the critical angle for fast quasi-shear wave. 
CONCLUSIONS
Reciprocity theorem approach has been used to study the far field radiation and the directional characteristics of a point source on the free surface of a semi-infinite anisotropic solid. The radiation of an (either normal or transverse) point source shows directional effects both for the quasi-longitudinal and the quasi-shear waves. There is a significant difference in the direction characteristics for the normal drive or transverse drive and for the quasi-longitudinal or quasi-shear modes. The directivity patterns are highly dependent on the symmetry class and elastic constants of the anisotropic media.
